Abstract. As the real-time systems and embedded systems are developing, behaviors of systems has become hybrid with the fusion of discrete and continuous components. Traditional labeled transition system could only describe discrete systems. In this paper, we proposed a new type of labeled transition system which called algebraic transition system. The algebraic transition system can describe behaviors of hybrid systems. On the algebraic transition system, an approximate simulation relation was defined, which is a better choice for reducing complexity and providing more robust relationships between systems.
Introduction
Labeled transition systems are useful for giving semantics to programming programs characterized with discrete structures. As the development of real-time systems and embedded systems, behaviors of systems become hybrid with the fusion of discrete and continuous components [1] . Breugel [2, 3] generalized the theory for proving the equivalence of semantic models of programming languages by means of labeled transition systems with metric.
In our proposed algebraic transition system, we using the approximate method of polynomials: Taylor approximations [4] . When we build the metric of algebraic transition systems, we refer the theory of metric labeled transition systems [3] . In [5] , the decision result on first-order arithmetic formulas was proposed. In model checking [6, 7] , labeled transition system is used to describe the potential behavior of discrete systems, and we extend the labeled transition systems with polynomials, which can describe the behaviors of a kind of hybrid systems. For weighted transition systems, Larsen has proposed the approximate simulation relation [9] .
Preliminaries
We start with some terminology and notion which we will use heavily. Let R be the set of real numbers, N be the set of naturals including the 0 , and 0 R  be the set of non-negative reals. The cardinality of a set A is the number of elements in A and is denoted | | A . Definition 1 (Metric space) A metric space is given by a nonempty set S and a distance function 0 R :
, and
does not necessarily means that y x = . A hemimetric is a metric without the symmetry, i.e., there exists some be a function. The function is a contraction with a Lipschitz constant  if for all
Algebraic Transition Systems and Simulation
In this section we introduce relationships between algebraic transition systems [10], which are specific transition systems labeling transitions with algebraic expressions. We concentrate on the relationships here, simulation, but other kinds may be defined by algebraic expressions labeled on transitions. Algebraic expressions, called algebraic formulas, are defined with polynomials and inequalities which are used to specify transition relation between system states.
Firstly, we introduce the notion of algebraic transition system (ATS) that is a kind of transition systems with transitions labeled by algebraic formulas, and extend it to a metric version, where the state space is endowed with a metric as well as labels. Definition 2 (Algebraic Transition Systems) For the signature ) ,
is a set of algebraic formulas labeled on transitions, where the set
represents the new values taken by the variables . Let us remark that the state space can be discrete, continuous, or hybrid. This makes it possible to cover a wide range of complex systems including discrete, continuous, or hybrid states.
We say there is a transition labeled by L   from location 1 s to location 2 s , if there exists an evolution from state ) , (
Moreover 
. For instance, the initial states of the system shown in 
by the definition of ) ( Reach . Likewise, we can conclude
is an initial state which is reachable in 0 steps. In the case of 0 > n , The reachable states of an algebraic transition system play an important role in the verification of safety and liveness . The high cardinality of reachable states has motivated the development of various notion of system relationships that potentially reduce the complexity of verification [8] . Now, we introduce simulation for algebraic transition systems. Simulation is an important system relationships well established in the formal method community. The simulation between two systems reflects the relationship that a system is refined by the other one. We introduce the simulation of algebraic transition systems based on syntactic identity that requires the algebraic formulas labeled on transitions are strictly identical. shows that each transition of the system 1 A can be matched by a transition of the system 2 A with an identical label.
Since algebraic formulas are labeled on algebraic transition systems, the notion of simulation can be refined according to the semantics of algebraic formulas, which leads to the semantical simulation. , then there exists a syntactic simulation for 1 A by 2 A . By this syntactic simulation, 
Reach
. The proof of 3 is similar.
Approximate Simulation
Since classical relationships between labeled transition systems do not permit any error, the reduction of systems is clearly limited. Approximate relationships, which allow for error, will improve the reduction of systems. Notions of system approximation are not only better choice for reducing complexity but also provide more robust relationships between systems. The challenge of approximate relationships is to quantify the quality of the approximation.
A metric for action labels defines the distance between labels such as
To construct the notions of approximate relationships, we equip labeled transition systems with metrics on the state space and the set of action labels. 
Summary
In this paper, we present the approximation simulation definition on algebraic transition systems. Using algebraic transition systems, we can abstract a kind of hybrid systems, especially embedded systems. Then we construct the approximate simulation relationship between algebraic transition systems, which allow for error, will improve the reduction of systems. Next, we will study the topics of other relationships in algebraic transition systems, like bisimulaiton relationship, and trace equivalence relationship, etc.
